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Dimer models and exceptional collections
Akira Ishii and Kazushi Ueda
Abstract
We construct a full strong exceptional collection consisting of line bundles on any
two-dimensional smooth toric weak Fano stack. The total endomorphism algebra of
the resulting collection is isomorphic to the path algebra of a quiver with relations
associated with a dimer model and a perfect matching on it.
1 Introduction
A dimer model is a bicolored graph on a real 2-torus which encodes the information of a
quiver with relations. The main result of [IU] states that for any smooth quasi-projective
toric Calabi-Yau 3-fold M , there is a dimer model G such that
• the moduli space Mθ of θ-stable representations of the quiver Γ with relations
associated with G of dimension vector (1, . . . , 1) is isomorphic to M if we choose a
suitable stability parameter θ, and
• the direct sum V =
⊕
v Lv of the tautological bundles is a tilting object whose
endomorphism algebra is isomorphic to the path algebra CΓ of the quiver Γ with
relations.
This gives a description of the derived category of coherent sheaves on any smooth toric
Calabi-Yau 3-fold in terms of a quiver with relations;
Db cohM ∼= DbmodCΓ.
The same result can also be obtained by combining the existence of an isoradial dimer
model by Gulotta [Gul08], the Calabi-Yau property of an isoradial dimer model by Broom-
head [Bro] (cf. also [MR10, Dav, Bocb, IU10]) and the Calabi-Yau trick by Bridgeland,
King and Reid [BKR01] (cf. also [vdB04]).
The aim of this paper is to give a similar description for the derived category of
coherent sheaves on a two-dimensional smooth toric weak Fano stack. Here, a smooth
toric Deligne-Mumford stack with the trivial generic stabilizer is said to be a weak Fano
stack if the anti-canonical bundle is nef and big. Let X be such a stack and KX be the
total space of its canonical bundle. Then a projective crepant resolution of the coarse
moduli space of KX is a smooth toric Calabi-Yau 3-fold M , and one has an equivalence
Φ : Db cohM → Db cohKX
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of derived categories. The image Φ(V) of the tilting object on M is a tilting object on
KX, which gives a generator on X by the derived restriction to the zero-section.
The basic strategy is to find a suitable equivalence Φ so that the resulting generator
on X will be not only an object of the derived category but a direct sum of line bundles.
Then its restriction to the zero section will be a tilting object. To be more precise, we
first construct line bundles before choosing a derived equivalence as follows:
1. We start with the moduli space Mθ with an arbitrary generic stability parameter
θ, which may not be lying over the coarse moduli space of KX. This will enable us
to use an arbitrary central perfect matching to describe the quiver with relations
that is derived equivalent to X in Theorem 7.2.
2. Let Lv be the line bundle on KX obtained as the proper transform of Lv on Mθ
and put V =
⊕
v Lv. Then one has an isomorphism
End(V) ∼= End(V) ∼= CΓ.
3. The acyclicity
Extk(V,V) = 0, k 6= 0
of V implies that of V .
4. Now one can use the Calabi-Yau trick [BKR01, vdB04, BK04] to show that V is a
tilting object.
5. The restriction E of V to the zero-section is a tilting object on X, which is a direct
sum of line bundles.
6. The endomorphism algebra of E is the quotient of the endomorphism algebra of V
by the ideal consisting of elements vanishing on the zero section. The isomorphism
End(V) ∼= End(V) gives a description of this ideal in terms of a perfect matching
on the dimer model.
This gives a proof of a particular case of a conjecture of King, together with a descrip-
tion of the total morphism algebra:
Theorem 1.1. Any two-dimensional smooth toric weak Fano stack has a full strong ex-
ceptional collection consisting of line bundles, such that the total morphism algebra of the
collection is isomorphic to the path algebra of a quiver with relations associated with a
consistent dimer model and a perfect matching on it.
The original conjecture of King [Kin97, Conjecture 9.3] states that a smooth complete
toric variety has a full strong exceptional collection consisting of line bundles. This is
shown to be false by Hille and Perling [HP06], who subsequently gave a necessary and
sufficient condition for a smooth complete toric surface to have such a collection [HP].
Kawamata [Kaw06] shows that a smooth projective toric stack has a full exceptional col-
lection consisting of sheaves. Borisov and Hua [BH09] suggested to extend the conjecture
to stacks, with an additional assumption that the toric stack be weak Fano, and proved it
for toric Fano stacks of Picard number or dimension at most two. This modified conjec-
ture turned out to be false by Efimov [Efi10]. A fine moduli interpretation of any smooth
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projective toric varieties, which was one of the original motivations of King, is obtained
by Craw and Smith [CS08]. The concept of dimer models and the idea to use them to
construct full strong exceptional collections on toric surfaces came from string theorists;
see e.g. [FHM+06, FHV+06, FV06, HHV06, HK05] and references therein.
The organization of this paper is as follows: We collect basic facts on line bundles on
toric stacks in Section 2, and basic definitions on dimer models in Section 3. The relation
between exceptional collections, tilting objects and derived equivalences is summarized in
Section 4. We recall the main result of [IU] in Section 5. A tilting object on the total space
of the canonical bundle of a toric weak Fano stack will be constructed in Section 6, which
will be restricted to the image of the zero-section to produce a full strong exceptional
collection in Section 7. In Section 8, we use the same idea as in Section 7 to give a
description of the derived category of coherent sheaves on the union of toric divisors in
Mθ in terms of a dimer model.
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2 Line bundles on toric stacks
We recall the definition of toric stacks from [BCS05]. Let N be a free abelian group of
rank n. Note in [BCS05] N is allowed to have torsions so that the associated stack may
have generic stabilizers but we consider the torsion free case in this paper. A stacky fan
Σ = (Σ, {vi}ri=1) consists of a fan Σ in NR = N ⊗ R and the set {vi}
r
i=1 of generators
of one-dimensional cones in Σ. The toric stack XΣ associated with Σ is defined as the
quotient stack
XΣ = [(C
r \ SR(Σ))/K],
where the Stanley-Reisner locus SR(Σ) consists of points (z1, . . . , zr) such that there is
no cone in Σ which contains all vi for which zi = 0, and
K = Ker(φ⊗ C×)
is the kernel of the tensor product with C× of the map φ : N˜ = Zr → N sending the i-th
coordinate vector ei to vi for i = 1, . . . , r. We sometimes write
UΣ = C
r \ SR(Σ)
so that
XΣ = [UΣ/K].
It follows from the definition that the category of coherent sheaves on XΣ is equivalent
to the category of K-equivariant coherent sheaves on UΣ;
cohXΣ ∼= coh
K UΣ.
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Let M = Hom(N,Z) and M˜ = Hom(N˜,Z) be the abelian group dual to N and N˜
respectively. The tori T = SpecC[M ] and T˜ = SpecC[M˜ ] act naturally on XΣ and UΣ,
and the category of T-equivariant coherent sheaves on XΣ is equivalent to the category
of T˜-equivariant coherent sheaves on UΣ;
cohTXΣ ∼= coh
T˜ UΣ.
As a smooth toric variety, PicUΣ is generated by invariant divisors Di = {zi = 0}, which
are clearly trivial. Hence one has
PicTXΣ ∼= Hom(T˜,C
×) = M˜.
The Picard group of XΣ can be calculated using the exact sequence
1→ Hom(T,C×)→ PicTXΣ → PicXΣ → 1.
The divisor Di = {zi = 0} naturally corresponds to the i-th coordinate vector in M˜ ,
which defines a line bundle O(Di) ∈ Pic
TXΣ. Its image in PicXΣ will again be denoted
by O(Di). Any line bundle L ∈ Pic
TXΣ can be represented as O(D), where D = (f) is
the divisor of any T˜-invariant rational section
f ∈
(
C[z±11 , . . . , z
±1
r ]⊗ L
)T˜
,
which is unique up to scalar multiples.
The cohomology of T-equivariant line bundle is given as follows:
Proposition 2.1. Let Σ be a simplicial stacky fan and O(D) be the T-equivariant line
bundle associated with a divisor D =
∑r
i=1 aiDi. Then the T-invariant part of the coho-
mology group of O(D) is given by
Hp
T
(XΣ,O(D)) ∼= H
p
Z(|Σ|),
where |Σ| is the support of the fan Σ underlying the stacky fan Σ,
ψD : |Σ| → R
is the piecewise-linear function which is linear on each cone of Σ satisfying
ψD(vi) = ai,
and
Z = {x ∈ |Σ| | ψD(x) ≥ 0}.
See e.g. [Ful93, Section 3.5] for a proof of Proposition 2.1. The cohomology group of
a line bundle L on XΣ is the direct sum
Hp(XΣ,L) =
⊕
D:L∼=O(D)
Hp
T
(XΣ,O(D))
over the set of toric divisors D such that L ∼= O(D), which is a torsor over the lattice M .
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3 Dimer models
A dimer model is a bicolored graph on a torus T = R2/Z2 consisting of a set B ⊂ T
of black nodes, another set W ⊂ T of white nodes, and a set E of edges consisting of
embedded line segments connecting vertices of different colors.
A connected component of the complement T \ E is called a face of the graph. A
bicolored graph on T is said to be a dimer model if any face is simply-connected. We only
deal with dimer models satisfying a consistency condition described in [IU10, Definition
3.5]. See also [MR10, Dav, Bro, Bocb] for more about consistency conditions of dimer
models. Mathematical literature on dimer models also includes [Sze08, NN, Naga, Nagb,
Sti06, Sti08, Sti09, Sti10, Moz09, BM].
A quiver consists of a set V of vertices, a set A of arrows, and two maps s, t : A→ V
from A to V . For an arrow a ∈ A, s(a) and t(a) are said to be the source and the target
of a respectively. A path on a quiver is an ordered set of arrows (an, an−1, . . . , a1) such
that s(ai+1) = t(ai) for i = 1, . . . , n− 1. We also allow for a path of length zero, starting
and ending at the same vertex. The path algebra CQ of a quiver Q = (V,A, s, t) is the
algebra spanned by the set of paths as a vector space, and the multiplication is defined
by the concatenation of paths;
(bm, . . . , b1) · (an, . . . , a1) =
{
(bm, . . . , b1, an, . . . , a1) s(b1) = t(an),
0 otherwise.
A quiver with relations is a pair of a quiver and a two-sided ideal I of its path algebra.
For a quiver Γ = (Q, I) with relations, its path algebra CΓ is defined as the quotient
algebra CQ/I.
A dimer model G = (B,W,E) encodes the information of a quiver Γ = (Q, I) with
relations in the following way: The set V of vertices of Q is the set of faces of the graph,
and the set A of arrows of Q is the set E of edges of the graph. The directions of the
arrows are determined by the colors of the vertices of the graph, so that the white vertex
w ∈ W is on the right of the arrow. In other words, the quiver is the dual graph of the
dimer model equipped with an orientation given by rotating the white-to-black flow on
the edges of the dimer model by minus 90 degrees.
For an arrow a ∈ A, there exist two paths p+(a) and p−(a) from t(a) to s(a), the
former going around the white vertex connected to a ∈ E = A clockwise and the latter
going around the black vertex connected to a counterclockwise. Then the ideal I of the
path algebra is generated by p+(a)− p−(a) for all a ∈ A.
A perfect matching (or a dimer configuration) on a dimer model G = (B,W,E) is a
subset D of E such that for any vertex v ∈ B∪W , there is a unique edge e ∈ D connected
to v. The two-sided ideal of CΓ generated by arrows a in D ⊂ E = A will be denoted by
ID.
4 Exceptional collections and tilting objects
Let X be a smooth stack and T = Db cohX be the derived category of coherent sheaves
on X.
Definition 4.1.
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1. An object E of T is acyclic if Extk(E,E) = 0 for k 6= 0.
2. An acyclic object E is exceptional if End(E) is spanned by the identity morphism.
3. A sequence (E1, . . . , En) of exceptional objects is an exceptional collection if Ext
k(Ei, Ej) =
0 for 1 ≤ j < i ≤ n.
4. An exceptional collection (E1, . . . , En) is strong if Ext
k(Ei, Ej) 6= 0 implies k = 0.
5. An exceptional collection is full if it generates T as a triangulated category.
6. An object V is a generator if RHom(V,X) = 0 implies X ∼= 0.
7. An acyclic generator is called a tilting object.
Note that a sequence (E1, . . . , En) of line bundles on a smooth proper stack is a full
strong exceptional collection if and only if V =
⊕n
i=1Ei is a tilting object. The algebra
End(V ) =
⊕n
i,j=1Hom(Ei, Ej) is called the total endomorphism algebra of the collection.
It is a finite-dimensional algebra which can be described as the path algebra of a quiver
with relations.
A tilting object induces a derived equivalence;
Theorem 4.2 ([Ric89, Bon89]). If a smooth stack X has a tilting object V , then the
functor
RHom(V, •) : Db cohX→ DbmodEnd(V )
induces an equivalence of triangulated categories.
5 A tilting bundle on a smooth toric Calabi-Yau 3-
fold
Let {vi}ri=1 be a set of points on a lattice N of rank two, and Σ = (Σ, {vi}
r
i=1) be a
two-dimensional complete stacky fan whose two-dimensional cones are
σi = R+vi + R+vi+1, i = 1, . . . , r,
with vr+1 = v1. The toric stack XΣ associated with Σ is a weak Fano stack if and only if
all the vi are on the boundary of the lattice polygon
∆ = Conv{vi}
r
i=1
defined as the convex hull of {vi}
r
i=1. The torus SpecC[M ] acting on XΣ will be denoted
by T, where M = Hom(N,Z). Let
p : XΣ → XΣ
be the total space of the canonical bundle of X
Σ
. The stacky fan Σ corresponding to
the total space of the canonical bundle is given by (Σ, {v˜i}ri=0), where the generators of
one-dimensional cones are given by
v˜0 = (0, 0, 1), v˜i = (vi, 1), i = 1, . . . , r
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and three-dimensional cones of Σ consists of
σi = R+v˜i + R+v˜i+1 + R+v˜0, i = 1, . . . , r.
We write the lattice containing Σ and its dual as N and M respectively. Let T =
SpecC[M ] be the torus acting onXΣ. The toric divisor associated with the one-dimensional
cone generated by v˜i will be denoted by Di.
Let R = H0(OXΣ) be the coordinate ring of the three-dimensional affine toric variety
associated with the cone over ∆. The following are shown in [IU08, IU]:
• There is a consistent dimer model G = (B,W,E) on T = (M ⊗ R)/M such that
the moduli space Mθ of θ-semi-stable representations of Γ with dimension vector
(1, . . . , 1) is a crepant resolution of SpecR where θ is a generic stability parameter
for the quiver Γ with relations associated with the dimer model G.
• For a prime toric divisor D in Mθ, there is a perfect matching, which we write D
again by abuse of notation, such that the divisor is the zero locus of the arrows
contained in the perfect matching.
• For any perfect matching D on G, there is a stability parameter θ such that D
corresponds to a prime toric divisor on Mθ.
• The tautological bundle
V =
⊕
v∈V
Lv
on Mθ is a tilting object in Db cohMθ such that
EndV ∼= CΓ.
The fan describing the toric varietyMθ is a refinement of the fan consisting of the cone
over ∆ and its faces, and will be denoted by Σ˜. The perfect matchings corresponding to
v˜i for i = 0, . . . , r will be denoted by Di. The generators of the one-dimensional cones of
Σ˜ which does not belong to Σ will be denoted by vr+1, . . . , vr˜, and the corresponding toric
divisors will be written as Dr+1, . . . , Dr˜. A perfect matching which is not on a vertex of ∆
depends on the choice of θ [IU, Proposition 6.5]. A perfect matching which corresponds
to v˜0 under some stability parameter θ is called a central perfect matching.
6 A tilting bundle on the canonical bundle
Let
ϕ : XΣ → XΣ
be the natural morphism from a stack to its coarse moduli space, and
ϕ : X˜Σ → XΣ
be a crepant resolution. Let further XΣ˜ be an arbitrary crepant resolution of SpecR, so
that X˜Σ and XΣ˜ are isomorphic in codimension one.
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For a line bundle L on XΣ˜, let L
′ be its proper transform on X˜Σ,
L = (ϕ∗L
′)∨∨
be the reflexive sheaf of rank one on XΣ obtained as the double dual of the direct image
of L′, and
L = (ϕ∗L)∨∨
be the line bundle on XΣ obtained as the double dual of the pull-back of L to XΣ. If L
is isomorphic to OX
Σ˜
(D˜) for a divisor D˜ =
∑r˜
i=0 aiDi, then L is isomorphic to OXΣ(D)
where D =
∑r
i=0 aiDi is obtained from D˜ by forgetting the toric divisors contracted by
ϕ, and L is isomorphic to OXΣ(D) where D =
∑r
i=0 aiDi is the pull-back of D by ϕ.
Lemma 6.1. The spaces of global sections of L, L′, L and L are related as follows:
H0(XΣ˜,L) = H
0(X˜Σ,L
′) ⊂ H0(XΣ, L) = H
0(XΣ,L).
Moreover, if H0(XΣ˜,L) is a relfexive R-module, then the inclusion in the middle is an
isomorphism.
Proof. The first equality follows from the fact that XΣ˜ and X˜Σ are isomorphic in codi-
mension one. The inclusion ϕ∗L
′ ⊂ L implies H0(X˜Σ,L
′) ⊂ H0(XΣ, L). Since both L
and ϕ∗L are reflexive, the inclusion L →֒ ϕ∗L is an isomorphism and the second equality
follows. Finally, the four spaces have structures of torsion free R-modules which coincieds
on the smooth locus of SpecR. Therefore, the reflexivity assumption implies the last
assertion.
The description of the cohomology of a T-equivariant line bundle on XΣ˜ admits the
following simplification in the present situation: Let D =
∑r˜
i=0 aiDi be a toric divisor on
XΣ˜ and ψD : |Σ˜| → R be the piecewise-linear function associated with D. Put
∆ = |Σ˜| ∩
(
R
2 × {1}
)
and
Z = Z ∩∆,
where
Z = {x ∈ |Σ˜| | ψD(x) ≥ 0}.
Then one has
Hp
T
(X˜Σ,O(D)) ∼= H
p
Z(|Σ|)
∼= Hp
Z
(∆)
since everything is linear on the third coordinate.
The cohomology of a T-equivariant line bundle on XΣ has an analogous description,
which can be simplified further as follows: For a toric divisor D =
∑r
i=0 aiDi on XΣ, let
sgn(D) = (sgn a0; sgnD) = (sgn a0; sgn a1, . . . , sgn ar) be the sequence of the signatures
of the coefficients of D, where
sgn a =
{
+ a ≥ 0,
− a < 0.
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Consider sgn(D) as a cyclic sequence. A −-interval in sgn(D) is a succession of− bounded
by one + and the next +. Then it follows from Proposition 2.1 that
rankH0T(O(D)) =
{
1 sgn(D) = (+;+ · · ·+),
0 otherwise,
rankH1
T
(O(D)) =
{
0 sgn a0 = − or sgn(D) = (+;+ · · ·+),
#{−-intervals} − 1 otherwise,
rankH2
T
(O(D)) =
{
1 sgn(D) = (+;− · · ·−),
0 otherwise.
Proposition 6.2. Assume that a line bundle L and its dual L∨ on XΣ˜ are acyclic.
1. H0(L) is Cohen-Macaulay and hence reflexive as an R-module.
2. Assume further that L satisfies the following condition:
(∗)
if one has sgn ai = sgn aj = − where the line segment [v˜i, v˜j] be-
tween v˜i and v˜j lies on the boundary of ∆, then sgn ak = − for any
k such that v˜k ∈ [v˜i, v˜j].
Then the corresponding line bundle L on XΣ is acyclic.
Proof. The first statement follows from arguments in [TU10, Proposition A.2] as follows:
Since R is Gorenstein and f is crepant, we have f !R ∼= OX
Σ˜
. Then the Grothendieck
duality for f and the acyclicity of L impliy
HomiR(H
0(L), R) ∼= HomiX
Σ˜
(L, f !R) ∼= HomiX
Σ˜
(L,OX
Σ˜
),
which is 0 for i 6= 0 by the acyclicity of L∨. This implies that H0(L) is a Cohen-Macaulay
R-module, and therefore is reflexive since dimR ≥ 2.
For the second statement, first assume that H2
T
(O(D)) 6= 0. Then one has sgn(D) =
(+;− · · ·−) so that
ψ
D˜
|∆(v˜) < 0
for any v˜ ∈ ∂∆. It follows that ∂∆ ⊂ ∆ \ Z and v˜0 ∈ Z, which implies
H2
T
(XΣ˜,L)
∼= H2
Z
(∆) ∼= H1(∆ \ Z) 6= 0.
Next assume that H1
T
(O(D)) 6= 0, which implies that sgn a0 = + and there are more
than two −-intervals in sgn(D). If O(D˜) is acyclic, then ∆ \Z is connected (and simply-
connected). Now consider the toric divisor
D˜∨ =
r˜∑
i=0
(−a˜i − 1)D˜i
which satisfies
O(D˜∨) ∼= O(−D˜)
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as a non-equivariant line bundle (the subtraction of one from all the coefficients of D˜∨
corresponds to a change of a T-linearization). Put
Z
∨
:= {x ∈ ∆ | ψ
D˜∨
(x) ≥ 0} = {x ∈ ∆ | ψ
D˜
(x) ≤ −1}.
Then Z is a deformation retract of ∆ \ Z
∨
. Now the condition that L∨ is acyclic implies
that ∆ \Z
∨
and therefore Z are connected, which contradicts the connectedness of ∆ \Z
and the existence of multiple connected components of ∂∆ ∩ (∆ \ Z).
Lemma 6.3. Let Lv and Lw be the tautological bundles on the moduli spaceMθ of quiver
representations associated with a consistent dimer model with generic stability parameter
θ and put L = L∨v ⊗ Lw. Then L satisfies the condition (∗) in Proposition 6.2 where
XΣ˜ =Mθ.
Proof. It follows from [IU] that the union
⋃
D∈[v˜i,v˜j ]
D of perfect matchings on the line
segment [v˜i, v˜j] ⊂ ∂∆ is the union of isolated edges with the zig-zag paths corresponding
to these line segments dividing the torus MR/M into strips, and the open subscheme U
of the moduli space Mθ ∼= XΣ˜ consisting of quiver representations such that any arrow
not in
⋃
D∈[v˜i,v˜j ]
D is non-zero is isomorphic to the product of the moduli space N of
representations of the McKay quiver of type An in dimension two and a one-dimensional
torus;
U ∼= N × C×.
A tautological bundle Lv on Mθ restricts to the outer tensor product L′v ⊠ O
×
C
of a
tautological bundle L′v on N and a trivial bundle on C
×. Since the line bundle (L′v)
∨⊗L′w
on N is acyclic, the proof of Lemma 6.3 reduces to Lemma 6.4 below.
Lemma 6.4. Let Σ be a two-dimensional fan whose two-dimensional cones are given by
R+vi + R+vi+1, i = 0, 1, . . . , n
where
vi = (i, 1) ∈ N ∼= Z
2.
Let
D =
n∑
i=0
aiDi
be a divisor on XΣ, where Di is the toric divisor associated with the one-dimensional cone
of Σ generated by vi. If a line bundle O(D) is acyclic and the signatures of a0 and an are
negative, sgn(a0) = sgn(an) = −, then the signatures of all the ai are negative.
Proof. This is a corollary of the following fact, which in turn follows immediately from
Proposition 2.1: H2
T
(O(D)) = 0 for any divisor D, and H1
T
(O(D)) is the number of
−-intervals minus one if there is any, and zero otherwise.
Now by applying Lemma 6.1 and Proposition 6.2 to L∨v ⊗Lw for tautological bundles
Lv and Lw, one shows that V =
⊕
vLv is an acyclic bundle satisfying
End(V) ∼= CΓ.
The following definition is due to Bezrukavnikov and Kaledin:
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Definition 6.5 ([BK04, Definition 2.1]). A non-zero object of an abelian category is
almost exceptional if Exti(M,M) = 0 for i > 0 and the algebra End(M) has finite
homological dimension.
The equivalence
Db cohMθ ∼= D
bmodCΓ.
implies that CΓ has finite homological dimension. Then the acyclicity of V and the
isomorphism
End(V) ∼= CΓ
shows the following:
Lemma 6.6. The vector bundle V on XΣ is almost exceptional.
The proof of [BKR01, Lemma 4.2] actually shows the following slightly stronger state-
ment:
Lemma 6.7. The derived category of coherent sheaves on a smooth Deligne-Mumford
stack without a generic stabilizer is indecomposable.
There is a morphism
π : XΣ → SpecR.
Since R is Gorenstein, XΣ is smooth and the morphism π is crepant, the Grothendieck
duality implies that the identity functor is a Serre functor of Db cohXΣ with respect to
R, in the sense that there is a functorial isomorphism
RHomR(Rπ∗RHomXΣ(F ,G), R)
∼= Rπ∗RHomXΣ(G,F)
satisfying the compatibility conditions in [BK89]. This suffices to show the following:
Theorem 6.8. The functor
Φ = RHom(V , •) : Db cohXΣ → D
bmodCΓ
is an equivalence of triangulated categories.
Proof. The proof is completely parallel to [BK04, Proposition 2.2]: The functor Φ has a
left adjoint
Ψ = •
L
⊗CΓ V : D
bmodCΓ→ Db cohXΣ,
which produces a semiorthogonal decomposition
Db cohXΣ = (C,C
⊥), (6.1)
where C is the essential image of Ψ and C⊥ is the right orthogonal of V . The R-Calabi-
Yau property of Db cohXΣ implies that (6.1) is an orthogonal decomposition, and the
indecomposability of Db cohXΣ shows that C
⊥ is empty.
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7 A tilting bundle on a toric weak Fano surface
We use the same notation as in the previous sections.
Lemma 7.1. If V be a tilting object on XΣ which is a direct sum of line bundles, then
the restriction
E = ι∗V
of V by the zero-section
ι : X
Σ
→ XΣ
is again a tilting object.
Proof. E is a generator since it is the restriction of a generator to a closed subscheme.
Vanishing of higher Ext-groups Hom>0(E , E) follows from that of Hom>0(V,V) by
Hom∗(V,V) = Hom∗(p∗E , p∗E)
= Hom∗(E , p∗p
∗E)
= Hom∗(E , E ⊗ p∗OXΣ)
= Hom∗(E , E ⊗
∞⊕
n=0
K⊗(−n)
X
Σ
),
where KX
Σ
is the canonical sheaf of X
Σ
and the isomorphism V ∼= p∗E comes from the
assumption that V is a direct sum of line bundles.
Note that the existence of a tilting object in Db cohX
Σ
which is a direct sum of line
bundles is equivalent to the existence of a full strong exceptional collection consisting of
line bundles.
Theorem 7.2. Let D0 be an arbitrary central perfect matching. Then there is a full
strong exceptional collection on X
Σ
consisting of line bundles such that the total morphism
algebra satisfies
End(E) ∼= CΓ/ID0 .
Proof. Choose a generic stability parameter θ such that D0 is θ-stable as in [IU08, Lemma
6.2]. Then we can apply Theorem 6.8 and Lemma 7.1 to see that the restrictions of Lv
form an full strong exceptional collection.
To obtain the description of the endomorphism algebra End(E) of E , first note that
End(E) is the quotient of End(V) by the ideal generated by sections vanishing at the
toric divisor D0, which is the image of the zero-section ι : XΣ → XΣ. Now the theorem
follows from the following facts, which are obvious:
1. An element of End(V) vanishes on the divisor D0 in XΣ if and only if it vanishes
at the generic point of D0.
2. This is equivalent to the vanishing of the corresponding element of End(V) at the
generic point of D0 ⊂Mθ.
3. A path of the quiver gives an element of End(V) vanishing on D0 if and only if it is
contained in ID0 .
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Remark 7.3. It follows from Theorem 7.2 that the derived category DbmodCΓ/ID0 of
modules over CΓ/ID0 does not depend on the choice of a central perfect matching D0.
Osamu Iyama pointed out that this result also follows from the theory of 2-APR tilting
[IO].
Remark 7.4. The collection of line bundles obtained in Theorem 7.2 is not only a full
strong exceptional collection but satisfies the condition that the rolled-up helix algebra
A =
n⊕
i,j=1
∞⊕
k,n=0
Homk(Ei, Ej ⊗K
⊗(−n)
X
Σ
)
is concentrated in k = 0. The converse statement that any collection of line bundles
satisfying this condition comes from a dimer model is an immediate consequence of the
main result of Bocklandt [Boca] (cf. also [Bocc, Theorem 3.7]). Indeed, given such a
collection (E1, . . . , En), one has A ∼= EndXΣ(⊕p
∗Ei) where p : XΣ → XΣ is the canonical
bundle of X
Σ
. Then it is a toric non-commutative crepant resolution of the coordinate
ring R = H0(OXΣ) of the affine toric 3-fold obtained by contracting the zero-section by
[TU10, Proposition A.2].
8 A tilting bundle on the union of toric divisors
Let Y = Mθ be the smooth toric Calabi-Yau 3-fold obtained as the moduli space of
representations of the quiver with relations associated with a consisteint dimer model
G = (B,W,E) and V be the tilting object on Y obtained as the direct sum of tautological
line bundles as in Section 1. For a vertex v ∈ V of the quiver (V,A, s, t) associated with
G, the small cycle ωv ∈ CΓ is defined as ωv = p+(a) · a, where a is any arrow such that
s(a) = v. Let further W =
∑
v∈V ωv be the central element of A
∼= CΓ obtained as the
sum of the small cycles ωv starting from each vertex v ∈ Q0, and A0 = A/(W ) be the
quotient ring by the two-sided ideal generated by W . Since the center of A ∼= End(V)
is isomorphic to R ∼= H0(OY ), the element W defines a regular functionon on Y . Let
ι : Y0 →֒ Y be the inclusion of the zero locus of W , which is the union of toric divisors.
Lemma 8.1. The restriction V0 = ι∗V is a tilting object in Db cohY0, whose endomor-
phism algebra is isomorphic to A0.
Proof. V0 is a generator just as in Lemma 7.1 One has
RHomY0(V0,V0) = RΓ(V
∨
0 ⊗ V0)
= RΓ(ι∗(V∨ ⊗ V))
= RΓ(ι∗ι
∗(V∨ ⊗ V))
= RΓ({V∨ ⊗ V
W
−→ V∨ ⊗ V})
= {End(V)
W
−→ End(V)}
which shows that End(V0) ∼= End(V)/W End(V) and Ext
i
Y0
(V0,V0) = 0 for i > 0.
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Since a tilting object induces an equivalence of bounded derived categories (see e.g.
[TU10, Lemma 3.3] for a proof without smoothness assumption), we have the following:
Corollary 8.2. The functor
Φ0 = RHom(V0, •) : D
b cohY0 → D
bmodA0
is an equivalence of triangulated categories.
The bounded stable derived category of Y0 is the quotient category
Dbsing(Y0) = D
b cohY0/perfY0.
of the bounded derived category of coherent sheaves on Y0 by the full subcategory consist-
ing of perfect complexes (i.e. bounded complexes of locally-free sheaves). The bounded
stable derived category of A0 is defined similarly as the quotient category
Dbsing(A0) = D
bmodA0/perfA0
of the bounded derived category DbmodA0 of finitely-generated right A0-modules by
the full triangulated subcategory perfA0 consisting of perfect complexes (i.e. bounded
complexes of projective modules). Since perfect complexes are characterized in a purely
categorical way as homologically finite objects [Orl06] (i.e. objects A such that for any
object B, the group Hom(A,B[i]) is trivial for all but a finite number of i ∈ Z), an equiv-
alence of bounded derived categories induces an equivalence of bounded stable derived
categories:
Corollary 8.3. One has an equivalence
Dbsing(Y0)
∼= Dbsing(A0)
of triangulated categories.
Stable derived categories are introduced by Buchweitz [Buc87] motivated by the theory
ofmatrix factorizations by Eisenbud [Eis80]. They are rediscovered by Orlov [Orl04] under
the name triangulated categories of singularities following an idea of Kontsevich, and plays
essential role in homological mirror symmetry. In particular, the stable derived category
Dbsing(Y0) is expected to be equivalent to the derived category of the wrapped Fukaya
category of an affine curve (see [AAE+] and references therein). On the other hand, the
stable derived category can be regarded as the derived category of a curved algebra (i.e. a
pair of an algebra and its central element, cf. e.g. [Pos]), and the curved algebra (CΓ,W )
is the colimit of the following covariant functor F from the category C to the category of
curved algebras: A dimer model gives a one-dimensional CW complex with nodes as 0-
cells and edges as 1-cells, and the category C is the category whose objects are open stars
of 0-cells and 1-cells and whose morphisms are inclusions. In other words, the category C
has nodes and edges as objects, and there is a unique non-identity morphism e → n for
each adjacency of an edge e ∈ E and a node n ∈ B ⊔W . The functor F sends an edge
e ∈ E to the curved algebra F(e) = (Ae,We) consisting of the path algebra Ae of the
cyclic quiver se
ae−→ te
pe
−→ se with two vertices se, te and two arrows ae, pe and the central
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element We = ae · pe+ pe · ae. For a node n, let (e0, . . . , er) be the set of edges adjacent to
n, ordered clockwise if n ∈ B and counter-clockwise if n ∈ W . Then the value F(n) for
a node n is the curved algebra (An,Wn) consisting of the path algebra An of the cyclic
quiver
se0
ae0−−→ te0 = se1
ae1−−→ te1 = se2
ae2−−→ · · ·
aer−−→ ter = se0
with r + 1 vertices and r + 1 arrows and the central element
Wn =
r∑
i=0
aei−1 · · ·ae0aer · · · aei+1aei.
For each adjacency ei → n, the map F(ei → n) : F(ei) → F(n) sends aei and pei in Aei
to aei and aei−1 · · · ae0aer · · · aei+1 in An respectively. It is an interesting problem to relate
this to an idea of Kontsevich [Kon] to describe the Fukaya category of a Stein manifold
in terms of a constructible sheaf of dg categories on its Lagrangian skeleton.
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